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In order to utilize the full potential of tailored flows of electromagnetic energy at the nanoscale, we
need to understand its general behaviour given by its generic representation of interfering random
waves. For applications in on-chip photonics as well as particle trapping, it is important to discern
the topological features in the flow field between the commonly investigated cases of fully vectorial
light fields and their 2D equivalents. We demonstrate the distinct difference between these cases
in both the allowed topology of the flow-field and the spatial distribution of its singularities, given
by their pair correlation function g(r). Specifically, we show that a random field confined to a
2D plane has a divergence-free flow-field and exhibits a liquid-like correlation, whereas its freely
propagating counterpart has no clear correlation and features a transverse flow-field with the full
range of possible 2D topologies around its singularities.
INTRODUCTION
Historically, optical light fields were predominantly
studied in the paraxial approximation or in propagating,
fully vectorial structured beams [1, 2]. Future photonic
applications, however, require knowledge about their on-
chip behaviour [3–5], where the field is confined to two
dimensions (2D). Understanding the structure of a light
field and its flow of energy in these photonic systems is
important for furthering our insight into the resulting in-
triguing effects [6]. One striking property of structured
light fields in general is that they can exhibit a variety of
optical singularities [7]. Singularities, in this context, are
exceptional points in the describing field where a param-
eter becomes undefined, leading to a distinct topology of
the field surrounding the singularity. Such singularities
are ubiquitous in nature, occurring in a wide variety of
systems, from black holes [8] to the bottom of a swim-
ming pool [9]. In light, they can appear is as phase defects
in a field component [10], where the associated field am-
plitude vanishes. Such phase singularities are topological
in nature and generically have an associated topological
charge of ±1. Overall, the topological charge in a field
has to be conserved [11], and as a result singularities can
only be created or annihilated in pairs. The resulting net-
work of singularities consequently makes up a topological
skeleton of the field, from which the general behaviour of
the entire field can be inferred [12].
It was recently shown that confinement of light to 2D
leads to a fundamental difference in the behaviour of its
singularities from those present in the transverse field of
a paraxial beam [13, 14]. It can be presumed, that such
a confinement not only has consequences for singulari-
ties in the complex vectorial electromagnetic fields, but
also for the singular behaviour exhibited by other phys-
ical observables, such as the energy flow. This flow is
commonly described by the Poynting vector [15] and is
known to contain vortices, for example in the vicinity
of the focus of a light beam [16] or near sub-wavelength
apertures [17].
In this letter, we reveal the topological changes of
the Poynting vector field and its associated singularities
when restricting the light field to 2D, in both experiment
and simulations. While these singularities have already
been experimentally observed in a chaotic billiard of mi-
crowaves [18], we here show their existence in a random
wave ensemble in the optical regime, demonstrating how
their behaviour changes with dimensionality. We high-
light that the 2D confinement causes the in-plane flow-
field to be divergence-free, thus limiting the allowed topo-
logical structures [19]. This constraint strongly influences
the correlations between the singularities and leads to an
intriguing cross-correlation between different singularity
types.
GENERIC TOPOLOGY OF THE FLOW FIELD
In complex scalar fields, phase singularities occur at
positions where both the real and imaginary parts of the
field become zero and the phase of the field increases in
integers of 2pi around it and thus, their physical mean-
ing is clear. Such an interpretation is less obvious in
the flow-field, as it arises from a combination of electric
and magnetic fields, resulting in a real-valued vector field
given by
S =
1
2
< (E ×H∗) . (1)
Here E denotes the electric field, H the magnetic field,
with the star denoting complex conjugation. From Eqn.
1 it follows that there are two clear cases when the mag-
nitude of the Poynting vector vanishes: either all electric
field components become zero, which we refer to as elec-
tric type singularities, or all magnetic field components
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2FIG. 1: Critical points of a two-dimensional field. (a):
Center. (b): Saddle point. (c): Focus. (d): Node. (See
[22])
become zero, which we call magnetic types. In the case
of three-dimensional random waves, without additional
symmetry, these cases do not occur generically, since it
requires six components (3 real and 3 imaginary parts)
to be simultaneously zero, with only five free parameters
(three amplitudes and two relative phases) [20]. Addi-
tionally, the Poynting vector vanishes when E ×H∗ = 0
because the two fields are parallel to each other, or when
E×H∗ becomes purely imaginary. The first of these sit-
uations will again not occur in generic field distributions.
In contrast, the case where the real part of the cross prod-
uct vanishes is a generic feature of the flow field. We refer
to singularities where the cross product vanishes, without
either vector being fully zero, as polarization type singu-
larities. For a full theoretical treatment of the possibil-
ities for singularities in the three-dimensional Poynting
field, see [21].
In order to visualise the flow field and its underlying
topological structure, it is common to consider a pro-
jection of the full field onto a plane, resulting in the
so-called transverse flow-field [7]. Since the transverse
flow-field is a 2D real vector field, its singularities are the
same as critical points, known from vector field topology
[23]. Hence their possible local flow-field structures can
be described by 2D vector field topologies, with Fig. 1
depicting the four possibilities for a generic topological
structure around a critical point.
As a means to find locations of singularities in the
transverse flow-field, we can artificially construct a com-
plex scalar field out of the two real components of the
flow-field in the plane as
ξ = Sx + iSy, (2)
analogous to the construction of a complex Stokes field
to locate polarization singularities [24, 25]. With this
construction, we can analyze the singularities of the flow-
field with the usual tools for phase singularities in a com-
plex scalar field. The mapping (Sx, Sy) 7→ Sx + ıSy is a
homeomorphism between R2 and C, meaning that the
topological properties of the constructed field are identi-
cal to that of the original vector field.
RESTRICTION TO A 2D LIGHT FIELD
We investigate what happens to the flow-field singular-
ities and their associated topologies when we restrict the
field itself to 2D. We consider a single transverse electric
(TE) mode confined to a plane, with a discrete in-plane
wavenumber k‖. Assuming the x−y plane as the plane of
propagation, the Poynting vector for a TE mode is given
as
S‖,TE = < [H∗z (Ey,−Ex)] . (3)
For this transverse field to be zero, the obvious cases are
that either Hz = 0, or Ex = Ey = 0, both of which can
occur in a generic TE field [13, 26]. Another option oc-
curs when Hz(Ey,−Ex) becomes completely imaginary,
and hence the real part vanishes. This happens at points
where the electric field is linearly polarized and the mag-
netic field is exactly pi/2 out of phase with the electric
field. These three cases are the same singularity types
(magnetic, electric and polarization, respectively) intro-
duced earlier, but restricted to the plane. Note that the
magnetic type singularities are also phase singularities
of Hz. Since the electric types require two field compo-
nents to be zero, as opposed to only one for the magnetic
types, they occur only very rarely (< 1% of all singu-
larities) [26]. Therefore we will not treat them further,
although their occurrence is interesting on its own.
In addition to the differentiation in singularity types,
there can be restrictions on the allowed structure of the
field surrounding them. Using Eqn. 1 and Maxwell’s
equations in the absence of sources and currents, the di-
vergence of the full 3D flow-field can be expressed as
∇ · S = 1
2
< [iω (µ0|H|2 − 0|E|2)] = 0. (4)
This means that the divergence of the flow-field has to
be identically zero everywhere in the field. Physically,
the divergencelessness of the Poynting vector can be un-
derstood from the field consisting of a superposition of
plane waves, each of which have a constant, divergence-
free Poynting vector. Thus a linear sum of plane waves
must also be divergence-free. Furthermore, the diver-
gencelessness is just an expression of energy conservation,
as points with a non-zero divergence would correspond
to points where energy would enter or leave the system.
For a 2D confined field, the field is evanescently decay-
ing in the out-of-plane direction (Sz = 0), meaning that
∂zSz = 0, and thus:
∇‖ · S‖ = 0. (5)
As a result, the only possible topologies are centers and
saddles [19], since nodes and spirals have a non-zero di-
vergence. Additionally, it is easily verified that the rota-
tion of the flow-field is not identically zero everywhere in
3FIG. 2: Topological structure and its associated pair correlations for a field confined to the plane. (a) shows the
simulated topological structure, with the phase of the constructed complex scalar field ξ shown in false colour. Red
(Blue) dots are magnetic (polarization) type singularities. A white (black) outline of the dots are positive (negative)
charged singularities. (b) The spatial distribution of magnetic type singularities (red) and the overall correlations
between all singularities (green). Points are experimental data, and the solid lines are from numerical calculations.
The gray dashed curve depicts the theoretical distribution for scalar isotropic random waves [27]. Distance is given
in units of effective in-plane wavelength λ‖. (c) The pair correlation g(r) of the polarization types (blue) and the
cross-correlation χ(r) between the magnetic and polarization types (orange).
the field. Hence the occurrence of centers is not forbid-
den. Indeed, from a topological point of view they are
necessary: singularities have to be created and annihi-
lated in pairs, which topologically manifests as a saddle-
node bifurcation, where a saddle and a node are annihi-
lated or created together [23]. In the case of a divergence-
free field, this turns into a center-saddle bifurcation [28]:
creation/annihilation events cannot take place with just
saddle points, and the field can either have no singu-
larities, or must exhibit points with a different topology
alongside the saddle points.
To experimentally study the occurrence and behaviour
of the different topological structures in a generic 2D
flow-field, we map the near fields of random TE waves
propagating in a planar chaotic cavity [13] with a home-
built polarization- and phase-resolving near-field optical
microscope [29]. The employed interferometric detection
approach [30] allows us to map the in-plane TE-field com-
ponents by raster scanning over a central 17 µm× 17 µm
area of the chaotic cavity with a lateral step-size of ap-
proximately 17 nm. From the in-plane distributions of Ex
and Ey, the Hz component of the TE field can be recon-
structed via Maxwell’s equations, yielding the Poynting
vector via Eqn. 3. In order to compare experimental
results with numerical calculations, we make use of ran-
dom wave simulations. We use a set of 1000 plane waves
with a random initial phase and direction to simulate a
random TE wave field.
Fig. 2 (a) depicts a false-colour map for the phase of
the constructed complex scalar field ξ and with stream-
lines of the Poynting vector depicted in black for part of
the simulated flow-field. This part is representative for
the structures found in the field. We observe that for the
topology of the singularities, which are marked with dots,
only centers and saddle points are found in the transverse
flow-field confined to the plane.
To gain insight into the spatial distribution of the sin-
gularities that underpin the general structure of the flow-
field, we determine their pair correlation, which tells us
how the points are distributed spatially with respect to
each other. For isotropic random waves, it is known that
this function is liquid-like [27], which has been verified
experimentally [13, 18, 31]. Fig. 2 (b) shows the pair
correlations for all singularities (depicted in green) and
for only the magnetic type singularities with themselves
(depicted in red). We find extremely good agreement
between simulations (solid lines) and experiment (dots).
The magnetic types exhibit a clear liquid-like correlation.
Fig. 2 (b) also shows the theoretically computed distribu-
tion for isotropic scalar random waves, which is depicted
by a dashed gray curve. Both the simulated and ex-
perimental results for the magnetic type are in excellent
agreement with this curve. This behaviour is expected,
as in a pure TE mode, Hz should be isotropic in k-space
[13]. On the other hand, when taking all singularities into
account, the correlation between them is much weaker.
The correlation only deviates slightly from unity at very
short distances, after which it rapidly approaches unity.
In Fig. 2 (c) we present the pair correlation of only po-
larization types with themselves (depicted in blue) and
the cross-correlations of the magnetic and polarization
types (depicted in orange), where we look at the pair cor-
relations between two singularities of opposite type. The
polarization type singularities, like the magnetic type,
exhibit a liquid-like correlation, but with a smaller first-
peak amplitude. This dampening behaviour was already
observed from the approximate model for the pair cor-
relations of random waves [18]. Such striking difference
4with the isotropic wave model hints at a deeper physi-
cal distinction between the singularity types. The cross-
correlation, in contrast, shows a strong anti-correlation.
Distances where there is a higher probability to find a
singularity of the same type have a lower probability to
find one of the opposite type and vice-versa. This ex-
plains why each type exhibits a clear correlation amongst
themselves, while the overall distribution does not.
In the discussion above we considered a confined TE
mode, which has a transverse wavenumber k‖ outside the
light cone, meaning that k‖ > k0, where k20 = k
2
‖ + k
2
⊥.
However, the results stay unchanged if k‖ < k0 as long as
a single transverse wavenumber is considered. Hence the
results not only hold for a confined field, but for any field
that is invariant along the z-direction, such as a Bessel
beam.
FIELDS WITH VARYING IN-PLANE
WAVENUMBER
Finally, we investigate what happens when we ease the
restriction of a discrete in-plane wavenumber. By allow-
ing for a range of in-plane wavenumbers to build up the
field, kz also has to vary. Therefore, the field is in gen-
eral no longer invariant along the z-axis, meaning the
out-of-plane divergence is not automatically equal zero.
Since the full flow-field has to be divergence-free, this
necessitates a non-zero in-plane divergence. Thus, the
transverse flow-field exhibits singularities that may have
a topology differing from centers and saddles.
Fig. 3 (a) and (c) depict simulations of the transverse
flow-field for different in-plane wavenumber ranges, uti-
lizing the same false colour map and streamlines as in
Fig. 2(a). The presented parts are representative for the
global field. The difference in apparent singularity den-
sity is coincidental. Fig. 3 (b) and (d) show the pair
correlation function for the magnetic type singularities
(depicted in red), and the theory for isotropic scalar ran-
dom waves (gray dashed curve).
Comparing Fig. 3 (b) and (d), we find significant dif-
ferences in the correlations for fields that have a vary-
ing in-plane wavenumber. For in-plane wavenumbers of
1.35 ≤ k‖/k0 ≤ 1.55 (Fig. 3 (b) ), the correlation for
magnetic type singularities still exhibits a liquid-like be-
haviour. However, its oscillations around unity decay
more rapidly, making for an effectively shorter correla-
tion length given by the size of the chosen wavenum-
ber spread. Fig. 3 (d) depicts the correlation for a
freely propagating light field, i.e. with allowed in-plane
wavenumbers of 0 ≤ k‖/k0 ≤ 1. The correlation swiftly
approaches unity after roughly half a wavelength dis-
tance, and does not exhibit any clear oscillations. Thus,
we deduce that the magnetic type singularities only ex-
hibit extremely short nearest neighbour correlations.
Therefore, when allowing the in-plane wavenumber
FIG. 3: Results for fields with varying in-plane
wavenumber, which can either be inside (k ≤ k0), or
outside (k > k0) the light cone. (a) and (c) show the
topological behaviour, with the phase of the scalar field
shown in false colour. Red (Blue) dots are magnetic
(polarization) type singularities. A white (black)
outline of the dots are positive (negative) charged
singularities. (b) and (d) show the spatial distribution
of magnetic type singularities. The gray curve shows
the theoretical distribution for isotropic random waves.
The red dots are simulated points. Distance is given in
units of effective in-plane wavelength.
to vary, we see a striking difference between the case
of an imaginary or purely real out-of-plane wavenum-
ber. When it is imaginary (k‖ > k0), we are bound
by the same topological restrictions as for the 2D case
and the singularity correlations are still present, but
with a shorter correlation length than for isotropic ran-
dom waves. When the out-of-plane wavenumber is real
(k‖ ≤ k0), there are no restrictions on the topology any-
more and no clear correlations can be observed.
CONCLUSIONS
We have investigated the topological properties and
spatial distributions of singularities in the transverse
flow-field of random waves, using theory, simulations and
experimental data. Specifically, we demonstrated exper-
imentally that by confining the wave field to two di-
mensions, the topological structure of the flow-field is
restricted to only saddle and center type singularities.
5This restriction holds for any z-invariant light field and
manifests itself in a liquid-like pair correlation of the
magnetic-type singularities of the flow-field, as well as
a distinct cross-correlation between all singularity sub-
species. When loosening the restriction of a single trans-
verse wavenumber, a significant difference occurs between
fields originating from wavevectors fully outside or inside
the light cone. For propagating beams such as a paraxial
or non-perfect Bessel beam, the full range of possible 2D
topological behaviour is found. This finding was corrobo-
rated by the change in the pair correlation function of the
two different cases. For a propagating field, no clear pair
correlation is present. On the other hand, the pair corre-
lation of any confined field is reminiscent of a liquid-like
state, but with the amplitude of the oscillations around
unity decaying faster than in the case of isotropic ran-
dom waves. The discussed restrictions on the generically
occurring topologies in the transverse flow-field of 2D
confined light might lead to novel concepts for utilizing
the in-plane optical momentum present in many photonic
systems for enhanced particle manipulation schemes.
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